Superconductors involving electrons with internal degrees of freedom beyond spin can have internally anisotropic pairing states that are impossible in single-band superconductors. As a case in point, in even-parity multiband superconductors that break time-reversal symmetry, nodes of the superconducting gap are generically inflated into two-dimensional Bogoliubov Fermi surfaces. The detection and characterization of these quasiparticle Fermi surfaces requires the understanding of their experimental consequences. In this paper, we derive the low-energy density of states for a broad range of possible nodal structures. Based on this, we calculate the low-temperature form of observables that are commonly employed for the characterization of nodal superconductors, i.e., the single-particle tunneling rate, the electronic specific heat and Sommerfeld coefficient, the thermal conductivity, the magnetic penetration depth, and the NMR spin-lattice relaxation rate, in the clean limit. We also address the question whether the topological invariant of the Bogoliubov Fermi surfaces is associated with topologically protected surface states, with negative results. This work is meant to serve as a guide for experimental searches for Bogoliubov Fermi surfaces in time-reversal-symmetry-breaking superconductors. arXiv:1909.10370v1 [cond-mat.supr-con] 
I. INTRODUCTION
The common view of superconductors evokes a condensate of Cooper pairs formed by electrons with a single internal degree of freedom-the spin. The formation of this condensate is understood as an instability of the normal-state Fermi surface, which may consist of a single or multiple sheets. In the latter case, the superconducting pairing amplitude is typically different on different sheets but beyond this, the presence of multiple bands does not have any qualitative consequences. In this picture, the pairing amplitude can have zeros in momentum space, called nodes. These nodes are either points or lines in the three-dimensional Brillouin zone. Our interest here is in centrosymmetric, even-parity superconductors. For these materials, the pairing amplitude generically has line nodes in the presence of time-reversal symmetry (TRS) and point nodes if TRS is spontaneously broken [1] . TRS-breaking states can also have line nodes in high-symmetry planes.
It has recently been realized that this picture is incomplete. The pairing of electrons with additional internal degrees of freedom resulting, e.g., from different orbitals or basis sites, can lead to qualitatively new pairing states. Such pairing states have for example been proposed for iron-based superconductors [2] [3] [4] [5] [6] [7] [8] [9] , Cu x Bi 2 Se 3 [10, 11] , cubic systems such as half-Heusler compounds [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , UPt 3 [22, 23] , transition-metal dichalcogenides [24, 25] , and twisted bilayer graphene [26] [27] [28] . It has been shown that in centrosymmetric multiband superconductors that break TRS, point and line nodes are generically "inflated," by interband pairing, into Fermi surfaces of Bogoliubov quasiparticles [29, 30] . These twodimensional Bogoliubov Fermi surfaces (BFSs) are pro- * carsten.timm@tu-dresden.de tected by a topological Z 2 invariant [31, 32] , which can be expressed in terms of a Pfaffian [29, 30] .
In order to be able to detect BFSs, it is paramount to determine their experimental consequences. While angular resolved photoemission (ARPES) would be ideal for mapping out the quasiparticle dispersion, it is often not feasible due to low critical temperature or bad surface quality. Hence, we here consider the specific heat, the thermal conductivity, the magnetic penetration depth, and the NMR spin-lattice relaxation rate. These probes are routinely used to determine the nodal structure of unconventional superconductors since they show characteristic power-law or exponential temperature dependence at low temperatures. We obtain the corresponding lowtemperature expansions for inflated point and line nodes with rather general low-energy dispersions, including linear and quadratic point nodes and line nodes with linear dispersion. In this work, we focus on the clean limit and leave the effects of disorder for future work.
Beyond the bulk properties discussed so far, it is natural to consider surface-bound electronic states since topological invariants are often associated with surface states through a bulk-boundary correspondence. Such surface states could then be probed by tunneling experiments. One example are flat surface bands in noncentrosymmetric superconductors, which should lead to a zerobias peak in tunneling [13, [33] [34] [35] [36] [37] . However, we are not aware of a mathematical argument for (or against) surface states associated with the Z 2 invariant of BFSs. In this work, we use numerical exact diagonalization of a Bogoliubov-de Gennes Hamiltonian for a slab to search for surface states, with negative results.
The remainder of this paper is organized as follows: in Sec. II, the low-energy form of the quasiparticle density of states (DOS) is derived for various types of nodes. We also comment on single-particle tunneling, which directly probes the DOS. Based on the results, we obtain low-temperature expansions for the magnetic penetration depth, the electronic contribution to the specific heat, the NMR spin-lattice relaxation rate, and the electronic contribution to the thermal conductivity in Sec. III. The question of surface states associated with the topological Z 2 invariant is considered in Sec. IV. We summarize our results and draw conclusions in Sec. V, where we also collect the central results for the most relevant types of nodes in a table for ease of reference.
II. DENSITY OF STATES
In this section we derive the DOS close to various types of nodes. Our strategy is to expand the quasiparticle dispersion about the Fermi energy (zero by convention), to leading order. This allows us to obtain analytical results that exhibit parametric dependences and exponents of power laws. We start with uninflated and inflated point nodes with rather general triaxial power-law dispersion and then consider uninflated and inflated line nodes with power-law dispersion. We shall see that line nodes can be viewed as limiting cases of point nodes.
A. General point nodes
Point nodes generically appear in high-symmetry directions for broken TRS. (We do not consider accidental nodes here, which can occur anywhere in the Brillouin zone.) At any such point node, the direction orthogonal to the normal-state Fermi surface is special-in this direction, the superconducting contribution to the quasiparticle dispersion vanishes. The dispersion is thus generically linear to leading order and given by
where v F is the normal-state Fermi velocity and k ⊥ is the momentum component normal to the Fermi surface. The two directions orthogonal to k ⊥ are tangential to the normal-state Fermi surface. The quasiparticle dispersion in these directions describes how the superconducting gap opens.
Denoting the momentum relative to an uninflated point node by q in such a way that q 3 describes the direction orthogonal to the normal-state Fermi surface, we expand the quasiparticle dispersion around the node as
where α 1 , α 2 > 0 are constants, ∆ 0 is the global scale of the pairing amplitude, and 2m, 2n > 0 are exponents that need not be integers. We set to unity throughout the paper. Interband pairing generates a pseudomagnetic field h [29, 30] , which is generically nonzero at the nodes and hence is represented, to leading order, by a constant. The dispersion in the vicinity of the (former) point nodes then becomes where h = |h|. Here and in the following, the two signs can be chosen independently, giving four bands. The evaluation of the DOS
is outlined in Appendix A 1, with the result
where
is a characteristic exponent, which will play an important role. The DOS is the sum of two contributions from the quasiparticle bands with positive and negative sign in front of the pseudomagnetic field in Eq. (2). Figure 1 shows the DOS for various values of g.
If g is an even integer the DOS D(E) is an analytic function of energy. However, even integers larger than 2 are unlikely to occur since they would require the gap to open with a fractional exponent smaller than unity in at least one direction. The case g = 2 is most naturally realized by m = n = 1, which corresponds to a point node with linear dispersion in all directions. We will get back to this case below.
All other cases with integer m and n yield g < 2 so that the DOS is not analytic at E = ±h. However, the DOS can always be expanded into power series for E < (8)
In the limit of uninflated point nodes, we of course obtain D(E) = c m,n E g .
B. Special cases
For the most common case of inflated point nodes with linear dispersion,
we have m = n = 1 and g = 2. The dispersion is linear in all three directions, but typically with different velocities. For sufficiently high symmetry of the direction of the point node, the dispersion is isotropic in the tangential directions, i.e., α 1 = α 2 . The DOS reads
with
The pseudomagnetic field h simply adds a constant to the quadratic DOS found for uninflated nodes.
As the second special case, we consider quadratic dispersion in both tangential directions, as found, for example, for pairing belonging to the irrep E 1g of D 6h [30] . Furthermore, this case can be realized by fine tuning a system with linear point nodes to a topological transition [38] . Generalizing the previous derivation, we treat the general anisotropic dispersion
The evaluation of the DOS is relegated to Appendix A 2. The result is
Here, F is the incomplete elliptic integral of the first kind and
In the limit α = 0, we have φ − = 0, φ + = π/2, and thus
Thus the DOS is
consistent with Eq. (4) for m = n = 2.
On the other hand, the limit α = 1 corresponds to an isotropic double-Weyl node. Here, G(1) in Eq. (14) is understood as
so that
Clearly, the inclusion of the term 2α 2 12 |∆ 0 | 2 q 2 1 q 2 2 in the dispersion does not change the dependence on energy and pseudomagnetic field but only the prefactor.
Equation (13) for general α can be rewritten as
which is constant at low energies and has kinks at E = ±h. We will discuss the consequences of these properties below. For uninflated double-Weyl point nodes, the DOS reduces to the absolute-value function D(E) ∝ |E|.
Next, we turn to line nodes. For any point k 0 on a line node, there are three orthogonal characteristic directions: the normal one, where the quasiparticle dispersion agrees with the normal state, a tangential direction parallel to the line node, where the dispersion is of course flat, and another tangential direction in which the gap opens. We denote the corresponding momentum components relative to k 0 by q 3 , q 1 , and q 2 , respectively.
We consider a circular line node of radius k F , with dispersion with general exponent n in the orthogonal direction. The special case of linear dispersion appeared in the mirror plane for the T 2g pairing state with gap amplitudes ∆ 0 (1, i, 0) in Refs. [29, 30] , for which the superconducting gap has k z (k x +ik y ) symmetry. The quasiparticle dispersion reads
In evaluating the DOS, we have to include the q 1 integral along the line node, which gives a factor of 2πk F . The result is
with g = 1/n, details are given in Appendix A 3. For the most relevant case with linear dispersion, n = 1 and g = 1, we obtain the same functional form as for double-Weyl point nodes but with a different prefactor, which for line nodes is proportional to the length 2πk F of the node. This correspondence turns out to be more general: the case of a line node can be viewed as a special case of the general point node, where the exponent m of the dispersion in one of the tangential directions is sent to infinity, leading to a flat dispersion. Equation (4) for m → ∞ has the same form as Eq. (23) for a line node but the prefactor is different since it contains the integral along the line node in the second case.
In the absence of circular symmetry, the parameters α 2 , v F , and k F change along the line node but Eq. (23) should still hold with these parameters understood as averages. Such a functional form has been found for a microscopic model in [39] .
Mazidian et al. [38] have derived the DOS for superconductors with crossing uninflated line nodes with linear or quadratic dispersion. The DOS contains logarithmic functions of energy but can be approximated by power laws with noninteger exponents g ≈ 0.8 for crossing linear line nodes and g ≈ 0.4 for crossing quadratic line nodes [38] .
In practice, point and line nodes as well as nonequivalent point nodes can coexist. The DOS is then simply the sum of their contributions and at low energies the contributions with the smallest exponent g dominate [39] . In the following section on observables, we therefore focus on the case of equivalent nodes. The extension to nonequivalent nodes is essentially trivial.
III. OBSERVABLES
In this section, we present results for a number of observables that directly reflect the DOS and that are commonly used for the characterization of nodal superconductors. The guiding question is how these probes can be used to ascertain the presence of inflated nodes.
A. Single-particle tunneling
The tunneling current between a normal conductor and the superconductor of interest provides a direct measure of the DOS of the latter if the energy dependence of the DOS of the normal conductor can be neglected. For simplicity, we also assume that the DOS of the superconductor becomes an energy-independent constant D 0 in its normal state. In this case, the current is given by [40] 
where G nn is the differential conductance if the superconductor is driven into the normal state, n F (E) is the Fermi-Dirac distribution function, and V is the applied bias voltage. The differential conductance is then
In the zero-temperature limit, one obtains
(26) Thus low-temperature tunneling directly measures the superconducting DOS. In the presence of BFSs, Eq. (4) implies
In particular, the differential conductance is finite at zero bias, V = 0. At non-zero temperatures, the features are smeared out over an energy scale of k B T .
B. Magnetic penetration depth
The magnetic penetration depth is given by [1, 41, 42] 
where β λ is a constant. If the DOS at the Fermi energy, D(0), vanishes, λ 0 is the penetration depth in the limit T → 0. However, for inflated nodes, the integral contains another nonvanishing term for T → 0, which experimentally cannot be separated from λ 0 . High-precision measurements of the temperature dependence of λ are insensitive to the temperature-independent part [43] . We therefore first consider the temperature-dependent part
For a DOS of the general form of Eq. (4), it is useful to split the integral at E = h. Substituting u ≡ E/h and defining t ≡ k B T /h, integration by parts yields
The first term in the angular brackets generates the new contribution to the zero-temperature penetration depth. For the other terms, we insert the series expansions in Eq.
for the Fermi-Dirac function. The result is [44] 
with the incomplete Gamma function
It will prove useful to express this function as
In Eq. (31), the series over p can be performed in the term only containing the complete Gamma function. Subtracting the temperature-independent part, we obtain
where ζ(z) is the Riemann zeta function. The function P (a, b) has the series expansion
For inflated nodes, ∆λ is thus generally a double series of terms proportional to t m e −n/t with integers m and n. At low temperatures, k B T h, i.e., t 1, the exponential factors satisfy e −n/t e −n /t for n > n . In particular, a term with exponential factor is small compared to the bare power t m .
The limit h → 0 for uninflated nodes is not trivial since t contains h. It is more easily calculated directly from Eq. (28) . Integration by parts gives
The temperature-dependent part is proportional to T g for all exponents g [42, 45] . We now discuss special cases. First, if the exponent g is an even integer, which is the case for linear point nodes, both sums over j terminate at j = g/2 − 1. The first sum is then a polynomial in t of degree g. In the second sum, we replace j → g/2 − j − 1 in the terms containing P (g − 2j, p/t) and then find that each term in the sum cancels. Hence, the penetration depth is a polynomial in temperature of degree g, containing only even powers, without any exponential terms. For linear point nodes, we have g = 2 and thus the simple result 
The pseudomagnetic field only appears in the temperature-independent part λ 0 +β λ c 1,1 h 2 /2. Measurements of ∆λ alone thus cannot distinguish between inflated and uninflated linear point nodes. Second, if g is an odd integer, as for double-Weyl point nodes and linear line nodes, the first sum in Eq. (34) is empty for g = 1 and terminates at j = (g − 3)/2 for g ≥ 3. In the latter case, it is a polynomial in t of order g − 1, containing only even powers. The second sum terminates at j = (g − 1)/2. The terms do not cancel, which can be inferred from the observation that g − 2j is odd, while 2j + 2 is even. The leading term is the one with the smallest index p. The most relevant case g = 1 can be evaluated from Eq. (29), without series expansions,
written for linear line nodes. For double-Weyl point nodes, c line,1 should be replaced by c 2,2 . The leading term at low temperatures is thus
As shown in Fig. 2 , ∆λ crosses over from the exponentially suppressed form for k B T h to the linear form expected for uninflated line nodes for k B T h.
Interestingly, the exponentially suppressed temperature dependence is similar to the expression for a full gap [43] ,
where ∆ is the superconducting gap assumed to be independent of momentum. However, the relevant energy scale for the case with BFSs is the pseudomagnetic field h, not the gap, and the temperature dependence of the prefactor is different. The pseudomagnetic field is expected to be small compared to the gap since its leading term is of second order in the (interband) pairing [29, 30] . Nevertheless, an exponentially suppressed temperature dependence of ∆λ together with tunneling experiments showing a nodal gap would be a clear signature of inflated line and double-Weyl nodes. Finally, if g is not an integer the series in Eq. (34) do not terminate. The first series contains all even powers of t = k B T /h starting from the second. The terms in the second series all contain exponential factors of the form e −p/t with p = 1, 2, . . . and positive integer powers of t [note that P (a, b) consists of negative integer powers of b = p/t]. We note that the exponential terms found whenever g is not an even integer result from the nonanalytical energy dependence of the DOS at E = ±h, see Fig. 1 . At low temperatures, the second-order term of the first series dominates ∆λ and we obtain
Hence, the exponent describing the temperature dependence does not provide information on the nature of the nodes. So far, we have only considered the temperaturedependent part ∆λ. The absolute value of λ can be measured for example by µSR [43, 46] . Conventionally, λ ∝ 1/ √ n s is expressed in terms of the superfluid density n s , and n s reaches the full electron concentration n e for T → 0 if the superconducting volume fraction is 100 %. λ is of interest here since in the presence of BFSs, n s is not expected to reach n e because of the surviving quasiparticle contribution. Hence, n s /n e smaller than the superconducting volume fraction would be a strong signature. However, careful modeling of the µSR signal would be needed since we are dealing with TRS-breaking superconductors, for which the contribution from magnetic penetration is difficult to disentangle from the intrinsic magnetic field.
C. Specific heat
We next address the electronic contribution to the specific heat, which is given by [1, 38, 42] 
It is again useful to split the integral at E = h and to substitute u = E/h. Integration by parts yields
where t = k B T /h.
For now, we assume that the temperature dependence of the DOS due to the pairing amplitude ∆ 0 (T ) is negligible. Inserting the expansions in Eqs. (6) , (8) , and (30), we obtain
The series over p can be performed in the terms only containing the complete Gamma function. After additional simplifications, we obtain
For uninflated nodes, integration by parts in Eq. (42) gives
Hence, the electronic contribution to the specific heat is proportional to T 2 for linear line nodes and to T 3 for linear point nodes, as is well known [1, 38] . The discussion of special cases with BFSs follows the one for the penetration depth and we can be brief. For even integer g, the specific heat is a polynomial in temperature of order g + 1, containing only odd powers. In particular, for inflated linear point nodes (g = 2), we obtain
so that the Sommerfeld coefficient is
Since the DOS is finite at zero energy we obtain a finite Sommerfeld coefficient for T → 0.
There is experimental evidence for a finite Sommerfeld coefficient in a number of compounds, e.g., thoriumdoped UBe 13 [47] , UPt 3 [48, 49] , URu 2 Si 2 (from thermalconductivity measurements) [50] , and UTe 2 [51, 52] . A residual density of states and associated nonzero Sommerfeld coefficient can more conventionally be caused by disorder. However, in particular for UTe 2 , the small variation of T c between various samples and the large and sharp jump in the specific heat at T c suggest that disorder is weak [51] . Then BFSs are a natural explanation, as also noted in Ref. [53] . In addition, the observed scaling c(T ) − c(0) ∼ T 3.2 , and thus γ(T ) − γ(0) ∼ T 2.2 , agrees reasonably well with the exponent of 2 expected for inflated point nodes. On the other hand, more recent specific-heat measurements for UTe 2 by Metz et al. [54] are consistent with uninflated point nodes (and thus no residual Sommerfeld coefficient from the superconducting state) plus a diverging contribution proportional to T −0.35 from quantum-critical magnetic fluctuations. The authors also observe the scaling ∆λ ∼ T 2 for the magnetic penetration depth [54] , which, however, does not discriminate between uninflated and inflated point nodes, as discussed above. Moreover, they find a T 3 power law for the electronic contribution to the thermal conductivity, which is consistent with uninflated point nodes [54] , as shown below.
For odd integer g, both j series in Eq. (45) terminate. The first is a polynomial in t of order g, containing only odd powers. The terms in the second series do not cancel, giving exponentially suppressed corrections to the polynomial. For g = 1 (linear line nodes and double-Weyl point nodes), the two leading terms read
written for linear line nodes. For double-Weyl point nodes, c line,1 should be replaced by c 2,2 . So unlike for the temperature-dependent part of the penetration depth, the leading term in c and γ is not exponentially suppressed but is given by the contribution from the residual DOS, while the first correction is exponential. Both leading terms vanish for h → 0 so that the approach to the result γ ∝ T for uninflated nodes is not trivial. If g is not an integer, the series in Eq. (45) do not terminate. The two leading terms are
and thus
Considering all cases together, the first correction to the residual Sommerfeld coefficient thus scales as T 2 unless g equals unity.
Let us now consider the case that the DOS depends on temperature through the pairing amplitude ∆ 0 (T ). Then two additional contributions to the specific heat appear. On the one hand, the mean-field decoupling of the interaction
where c † k,σ and c k,σ are electron creation and annihilation operators, respectively, produces a constant energy shift
which is proportional to |∆ 0 | 2 . This term leads to a correction to the specific heat of the form
On the other hand, the quasiparticle contribution to the specific heat, given in Eq. (42), obtains an additional term since it is the temperature derivative of the internalenergy density, which now depends on temperature also through ∆ 0 ,
The new, second term can be evaluated by series expansion, similar to the leading term considered above, which we do not show here. In any case, we observe that both new terms are proportional to the derivative d|∆ 0 |/dT . Evaluation of this quantity requires, in the weak-coupling case, the solution of a BCS gap equation for a microscopic model, which lies outside of the scope of this paper. Note that additional terms due to the temperature dependence of the pairing amplitude occur only in the specific heat and the related thermal conductivity but not in the other observables considered here.
D. Spin-lattice relaxation rate
The NMR spin-lattice relaxation rate is given by [1, 42, 55] 1
where β NMR is a constant. We have neglected the small but nonzero nuclear resonance frequency, which is reasonable for nodal states [1] . By splitting the integral at E = h, substituting u = E/h, and integrating by parts, we obtain
Inserting the expansions in Eqs. (6), (8) , and (30), we obtain
For uninflated nodes, integration by parts in Eq. (57) yields
.
(60)
The spin-lattice relaxation rate is proportional to T 2 for linear line nodes and to T 4 for linear point nodes [1] . Returning to inflated nodes, we note that there is always a residual relaxation rate at zero temperature due to the nonzero DOS at the Fermi energy. The form of the leading correction depends on the exponent g. For even integer g, the first double series in j and k in Eq. (59) terminates and the second vanishes, giving a polynomial in t of order 2g, containing only even powers. For g = 2, we find 1
for the two leading terms. Note that both terms vanish for h → 0. Only the following term, which is proportional to h 0 T 4 survives and gives the result (60) for uninflated nodes.
For odd integer g, the j, k series in Eq. (59) both terminate. The first vanishes for g = 1 and is a polynomial in t of order 2g − 2 for g > 1, containing only even powers. The second gives powers multiplied by exponentials. For g = 1, the two leading terms read 1
written for linear line nodes. Similar to the Sommerfeld coefficient, both leading terms vanish for h → 0 so that the approach to the result 1/T 1 T ∝ T 2 for uninflated nodes is not trivial. If g is not an integer, the series in Eq. (59) do not terminate. The two leading terms are 1
It is worth pointing out that the spin-lattice relaxation rate depends on the square of the DOS. Since we expect the DOS due to the BFSs to be small the resulting terms in 1/T 1 T should also be small, which implies that they require very low temperatures in order to be observed.
E. Thermal conductivity
The electronic contribution to the thermal conductivity can be derived from the Boltzmann equation, in the relaxation-time approximation, for the energy current density [56, 57] 
where τ is the relaxation time, n is the quasiparticle-band index, and v nk = ∂E nk /∂k is the quasiparticle velocity.
Taking ∇T /T to be weakly varying in space, we can write
with the thermal conductivity tensor
where ⊗ denotes the Kronecker product and · · · E is the average over all states at a given energy E. The last expression is similar to Eq. (42) for the specific heat but is a tensor due to the velocity product. The tensorial character is crucial when summing contributions from multiple nodes. The evaluation of the average for the general dispersions considered so far is cumbersome and we restrict ourselves to linear point and line nodes. For inflated point nodes with the linear dispersion given in Eq. (9), we find the thermal-conductivity tensor
where c is the specific heat, which for linear point nodes has the form in Eq. (47) . The derivation is sketched in Appendix B 1. The result is rather simple since the average ∂E/∂k ⊗ ∂E/∂k E is independent of energy in this case. The temperature dependence of κ is then due to the one of the specific heat. The thermal conductivity is diagonal in the chosen basis but typically much larger in the direction orthogonal to the normal-state Fermi surface than tangential to it since v F α 1,2 |∆ 0 |. However, for high-symmetry states, the anisotropy will disappear when the contributions from all nodes are summed up.
For the case of an inflated linear line node, we again consider a circular line of radius k F , which we take to lie in the k x k y -plane. The dispersion reads
where k ρ = (k 2 x +k 2 y ) 1/2 and k z are cylindrical coordinates describing the momentum k. We find
where the specific heat c for linear line nodes is given in Eq. (49) . Details are given in Appendix B 2. The result is again simple since ∂E/∂k ⊗ ∂E/∂k E is energy independent. The thermal conductivity is diagonal and generally highly anisotropic also in this case. The thermal conductivity of the T 2g pairing state with gap amplitudes ∆ 0 (1, i, 0) [29, 30] and k z (k x + ik y ) symmetry is expected to be dominated by the inflated line node since it contributes much more to the DOS than the inflated point nodes. Consequently, such a pairing state would lead to a much larger thermal conductivity in the plane of the line node than in the perpendicular direction, while both components would scale linearly with temperature and deviations from linearity would be exponentially small. For all other cases of inflated nodes, including double-Weyl point nodes, the average ∂E/∂k ⊗ ∂E/∂k E depends on energy and thus does not come out of the integral in Eq. (66). The thermal conductivity is then not simply proportional to the specific heat.
IV. SEARCH FOR SURFACE STATES
As noted in Sec. I, nontrivial topological properties in the bulk are often revealed by unconventional surface states. These states contribute to transport and tunneling and can, in principle, be observed by ARPES. For example, line nodes in noncentrosymmetric superconductors lead to the appearance of flat zero-energy surface bands in the two-dimensional Brillouin zone of the surface, which are bounded by the projections of the line nodes into this Brillouin zone [13, [33] [34] [35] [36] [37] . The BFSs are protected by a Z 2 invariant [29] [30] [31] [32] . In this section, we address the question of whether they are accompanied by surface states, in particular in the momentum-space region bounded by the projection of the Fermi surfaces.
To be able to study this case, we set up a model with open BFSs.
One might not expect surface states of topological origin for the following reason: the Z 2 invariant has been identified as the relative sign of a Pfaffian of a unitarily transformed Bogoliubov-de Gennes Hamiltonian [29, 30] . The derivation shows that the global sign of this Pfaffian depends on the unitary transformation. Hence, it does not make sense to speak of the momentum-space region enclosed by the BFSs as topologically nontrivial and the region outside as topologically trivial. There is thus no clear reason to expect surface bands either inside or outside of the projection of the BFSs. On the other hand, we can also find an argument as to why surface states could exist: a selfconsistent real-space calculation would show that the pairing amplitude ∆ 0 (z) changes with the distance z from the surface. Now consider the case that this change is very slow so that one can infer the properties at a depth z by assuming a uniform pairing amplitude with the value ∆ 0 (z). Assume further that the pairing amplitude approaches zero at the surface. Then the BFSs vary as a function of z and in particular shrink to point or line nodes for z approaching the surface. Hence, for any momentum inside a bulk BFS, there is some depth for which the BFS crosses that point so that there is a zero-energy state bound to the surface.
In order to construct a model with open BFSs, we start from the model for superconductivity of angularmomentum J = 3/2 fermions studied in Ref. [29] and deform the normal-state Hamiltonian in such a way that the hopping in the z -direction becomes weak. The superconducting state is characterized by the uniform pairing potential (the off-diagonal block in the Bogoliubov-de Gennes Hamiltonian)
with [29] where J α are standard 4 × 4 angular-momentum J = 3/2 matrices and
is the unitary part of the time-reversal operator. This pairing state is rotated relative to the (1, i, 0) state in the T 2g irrep in Ref. [29] so that the inflated line node lies in the k y k z -plane. We emphasize that the details of the model do not matter; if BFSs led to protected surface states they would do so for any model. Hence, we do not write down the specific model but only show the resulting normal-state and Bogolibov Fermi surfaces in Fig. 3 . The inflated line node in the k y k z -plane is not a torus in this case but is split into two open tubes along the k z -direction. We then Fourier transform the Bogoliubov-de Gennes Hamiltonian for the superconducting state into real space in the z -direction and introduce open boundary conditions, i.e., we describe a slab with (001) surfaces. Finally, we diagonalize the slab Hamiltonian for many momenta k = (k x , k y ) in the two-dimensional Brillouin zone. Figure 4 shows the smallest nonnegative quasiparticle energy for each momentum k . The projections of the BFSs are clearly seen as black regions. Note that the inside of the cylindrical pockets is visible. The plot is indistinguishable from the projection of the bulk dispersion into the k x k y -plane (not shown). This means that there is no sign of surface states. This is confirmed by plotting the full dispersion along a cut in momentum space in Fig. 5 . The projection of the BFSs here shows up as bands going to zero energy.
Hence we obtain a negative result: at least for a uniform pairing potential, the Z 2 invariant of the BFSs is not associated with any surface states. On the other hand, the Bogolibov Fermi pockets that result from the inflation of point nodes are also protected by a nonzero even Chern number [30, 58] . It has been shown in Ref. [30] that these are associated with the expected number of Fermi arcs of surface states emanating from the projected pockets. These arcs are not visible in Figs. 4 and 5 since inflated point nodes with opposite Chern numbers are separated by vectors (0, 0, ±π) in Fig. 3 and are thus projected on top of each other for the (001) slab.
V. SUMMARY AND CONCLUSIONS
In this paper, we have analyzed how BFSs in clean multiband superconductors affect experimental probes that are commonly used to characterize nodal superconductors. As a prerequisite, we have obtained the lowenergy form of the DOS for rather general nodal structures. The DOS can be probed directly by tunneling experiments. We have then derived the low-temperature behavior of the magnetic penetration depth, the electronic contribution to the specific heat and Sommerfeld coefficient, the NMR spin-lattice relaxation rate, and the thermal conductivity. For ease of reference, we summarize the leading temperature dependences of these quantities for the most relevant types of nodes in table I. The table also shows expressions for a full gap for comparison.
All observables studied here should also show a characteristic dependence on magnetic field. However, such measurements are not easy to interpret since the field does not penetrate a superconductor uniformly. A nearly uniform field is realized in type-II superconductors close to the upper critical field. In this region, the magneticfield dependence of the pairing amplitude ∆ needs to be taken into account. More critically, the suitable magnetic-field range is rather small, probably precluding the extraction of a characteristic field dependence.
We have also considered the possibility of topologically protected surface states associated with the Z 2 invariant of the BFS. However, at least under the simple assumption of a uniform pairing potential, there are no such surface states. Inflated point nodes with nonzero Chern numbers lead to Fermi arcs at the surfaces, though [30] . The character of these arcs is unchanged by the inflation of the nodes and thus not suitable for the discrimination between inflated and uninflated point nodes.
On the other hand, all probes listed in table I, with the exception of ∆λ in the case of linear point nodes, are, in principle, able to discriminate between all five types of nodal structures. Of course, the observability of BFSs always relies on the residual DOS being sufficiently large, which is controlled by the pseudomagnetic field h. Since h is of second order in the interband pairing [29, 30] , it is generically small. Hence, low powers of h are beneficial. We conclude that for g = 1, the magnetic penetration depth ∆λ is the method of choice. Since ∆λ is not sensitive to inflation for g = 2, in that case the best bet are the specific heat and Sommerfeld coefficient as well as the thermal conductivity. We hope that this work will induce experimentalists to look for BFSs in nodal superconductors. In this appendix, we summarize the derivation of the quasiparticle DOS for several cases.
Power-law point nodes
Here, we outline the derivation of the DOS for point nodes with the power-law dispersion given in Eq. (2). To start with, we substituteq
Next, the substitution k 1 =q m 1 , k 2 =q n 2 , k 3 =q 3 brings the dispersion into a more familiar symmetric form,
The symmetric dispersion suggests to introduce spherical coordinates for (k 1 , k 2 , k 3 ), giving 
(A3)
Generalized double-Weyl point nodes
In the following, we show the derivation of the DOS for the general quadratic dispersion in Eq. (12) . The
where α ≡ α 2 12 /α 1 α 2 . The case α 1 = α 2 = α 12 , i.e., α = 1, corresponds to isotropic double-Weyl nodes, whereas α 12 = 0 (α = 0) is the special case m = n = 2 of our previous derivation. The substitution k 1 =q 2 1 , k 2 =q 2 2 , k 3 =q 3 brings the dispersion into more familiar form,
Another substitutioñ
gives
where the limits of the in-plane integral d 2k are such that
These limits are simplified by introducing polar coordinates ρ, φ for (k 1 ,k 2 ), giving
with φ − = (arcsin α)/2 and φ + = (π − arcsin α)/2. Note that the limits of the angular integral do not depend on the other integration variables. The angular integration decouples and can be evaluated as
where F is the incomplete elliptic integral of the first kind. The function G(α) is positive and bounded for α ∈ [0, 1). After introducing polar coordinates once more, this time in the (ρ,k 3 ) plane, the δ distribution can easily be integrated over, giving
(A13)
Power-law line nodes
In this appendix, we derive the DOS for a circular line node with power-law dispersion, given in Eq. (22) . Performing the integration along the line node and substitutingq 2 = (α 2 |∆ 0 |) 1/n q 2 ,q 3 = v F q 3 in the DOS, Eq. .
(A14)
Another substitution, k 2 =q n 2 , k 3 =q 3 , brings the dispersion into more familiar form,
and with polar coordinates ρ, φ for (k 2 , k 3 ) we obtain In this appendix, we derive the thermal conductivity for linearly dispersing point and line nodes.
Linear point nodes
We first consider point nodes. The linear quasiparticle dispersion in Eq. (9) yields two bands at E > 0. For both of them we find ∂E ∂q
where the symmetric tensor V has the components
With the substitutionq 1 = α 1 |∆ 0 | q 1 ,q 2 = α 2 |∆ 0 | q 2 , q 3 = v F q 3 , we can write the average for one of the bands as
(B8)
The off-diagonal components of V vanish upon integration since they are odd in momentum components. The diagonal ones can easily be evaluated in spherical coordinates, giving
This average is the same for both bands and is in fact independent of the pseudomagnetic field and of the energy. Hence, the thermal conductivity is
where c is the specific heat, which is given in Eq. (47).
Linear line nodes
For a linearly dispersing circular line node in the k x k y plane, the tensor product of velocities is
where V now has the cartesian components
Here, k ρ , φ, and k z are the cylindrical coordinates describing the momentum k. The average over φ gives cos 2 φ E = sin 2 φ E = 1/2, whereas all other functions of φ average to zero. For the remaining integrals, we 
and the off-diagonal components are zero. Once again introducing polar coordinates, this time for (q 2 ,q 3 ), we find
which is again energy independent, and thus
The specific heat c for linear line nodes is given by Eq. (49) .
